The structure of 6 Li, 7 Li and 11 Li nuclei is investigated in a model space which includes all configurations with oscillator energy up to 3hω above the ground state configuration. The energy spectra and electromagnetic properties of the low-lying states are determined with various two-body interactions, which are derived from the Bonn potential. The results of these shell-model calculations depend on the strength of the tensor component contained in the NN interaction and also on the treatment of the Dirac spinors for the nucleons in the nuclear medium. In addition the calculation determines the dipole polarizability of 7 Li and 11 Li caused from virtual E1 excitations to the positive parity states of these nuclei. It is demonstrated that the BAGEL scheme provides a very powerful tool to consider contributions from virtual excitations up to large energies.
Introduction
The static and dynamic electric moments of nuclei are traditionally measured by Coulomb excitation 1 ). The quadrupole moments of the excited nuclear states can be measured by the reorientation method 2 ). It has long been established that the quadrupole moments as well as the B(E2) values can be affected from virtual excitations to the giant dipole state 3 ). In particular, if the dipole state occurs at low excitation energy, it can cause a measurable renormalization of the E2 operator.
The most careful measurements of the correction due to the dynamic dipole polarizability on the B(E2) and the quadrupole moments has been in the case of the nucleus 7 Li 4−5 ). This nucleus has a ground state with J π = 3/2 − and a first excited state with J π = 1/2 − . The excited state has no spectroscopic quadrupole moment and hence a precise determination of the B(E2) ↑ value for the excitation of the 1/2 − state over a range of energies will enable one to measure the inelastic dipole polarizability. Similarly, a careful measurement of the ground state quadrupole moment will enable one to measure the elastic dipole polarizability. The results of various measurements are reviewed by Barker et al 6 ) and Voelk and Fick 7 ).
There exist several theoretical investigations on the dipole polarization effects of 7 Li. Several of these calculations adopt the cluster-model approach 8−11 ). On the other hand the shell-model approach has been followed by Gomez-Comacho and Nagarajan 12 ) and Barker and Woods 13 ). In both these calculations the natural parity states are determined considering only 0p shell configurations while the unnatural parity states are studied in the space of the 1hω excitations. Recent experiments 14 ) suggest that a component of the dipole resonance, termed the soft dipole mode 15 ) or the pygmy resonance 16 ), occurs at a very low excitation in 11 Li. This feature combined with the large r ms radius of 3.16 ± 0.11f m 17 ) have made this nucleus the subject of several theoretical investigations 18−28 ). In these studies various approaches have been adopted, like the cluster-model 18−21 ), the random phase approximation 22 ), the sum-rule approach 23 ) and the mean-field description 24−25 ). In addition the structure of 11 Li has been investigated in two recent large scale shellmodel calculations by Hoshino et al 26 ) and Hayes and Strottman 27 ). In both these calculations, the properties of the natural parity states are described in the space of (0 + 2)hω excitations. For the unnatural parity states these authors employ a model space, which contains the 1hω configurations and some selected 3hω excitations. A common feature in these two shell-model calculations is the manner in which the effective hamiltonian is chosen. This consists of a mixture of hamiltonians each of which was originally constructed for calculations in smaller model spaces. Thus Hayes and Strottman 27 ) use the Cohen-Kurath 28 ) p-shell matrix elements, the MillenerKurath 29 ) particle-hole interaction and single particle energies and the Chung 30 ) sdshell matrix elements. A similar approach is also adopted in the calculation of Hoshino et al 26 ) .
In this paper we present a shell-model study of the natural parity states of 6 Li, 7 Li and 11 Li. The properties of these states are investigated in the space of (0 + 2)hω excitations. For 7 Li and 11 Li we also examine the unnatural parity states for which we consider the complete space of (1 + 3)hω excitations. The most detailed data exist for 7 Li and we use them to draw conclusions about the reliability of our model. On the other hand, there exist very little data for 11 Li and thus our results should be taken as theoretical predictions.
The main purpose of our investigation has been to determine the E1 polarization effects on the quadrupole moment of the 3/2 − ground state of both The present calculation differs from previous related studies of 7 Li 12−13 ) and 11 Li 26−27 ) in several aspects. One of them is the use of a larger model space and of a realistic hamiltonian which contains no adjustable parameters. Thus in our calculation we consider harmonic oscillator energies and wavefunctions for the singleparticle states, while for the two-body part of the hamiltonian we employ G-matrices that have been derived from the Bonn potential 31 ). Since our model space, although large, is restricted, the final results depend on the choice of the harmonic oscillator size parameter. We determine an optimal oscillator parameter by requiring that the calculated energy for the ground state for the nucleus is a minimum with respect to a change of the oscillator basis. Another new feature of our calculation is that we take into account a possible change of the Dirac spinor for the nucleons in the nuclear medium as compared to the Dirac spinors in the vacuum. Recent investigations on open shell nuclei 32, 33 ) have demonstrated that effects of a realistic spin-orbit splitting can only be obtained if this relativistic feature of nuclear many-body theory is taken into account. Finally, we consider bare electromagnetic operators. We expect the renormalization of the operators to arise naturally from the use of the large model space. By considering different model spaces and their effect on the predictions of the calculation we expect to obtain a better understanding of the relationship between our approach and the cluster model 8−11,18−21 ).
In sect. 2 we discuss the details of our calculation, while in sect. 3 we present our results. Finally, sect. 4 contains the conclusions of this work.
2 Details of the calculation
Definitions
The effective potential which is used to describe E2 excitation of the projectile in
Coulomb scattering experiments consists of two parts 1 ) :
and |n are the states which are connected by the E1 operator with the state |i . The quantity τ if in the quadrupole part of V pol is the tensor moment of the electric polarizability and is defined 4, 34 ) as:
The relation between τ if and the quantity S(E1) defined by Häusser et al 35 ) is
From the analyses of the 7 Li data 6,7 ) values for four quantities have been extracted.
These are B(E2; 1 → 2), τ 12 , τ 11 and the static quadrupole moment Q s . We use here the notation usually adopted 6,7 ) where 1 refers to the ground state and 2 to the first excited state. Q s is defined as:
The experimental values for these four quantities are compared with the predictions of the calculation in sect. 3.
The shell-model calculation
In this section we discuss the details of the shell-model calculation on the Li isotopes. We consider a hamiltonian of the form
where t denotes kinetic energy, G is the two-body interaction while A and R stand for the mass number and center-of-mass coordinate of the nucleus, respectively. The term ω removes the center-of-mass contribution from a non-spurious state. The hamiltonian (10) can be written as:
where
The basis of our calculation consists of all eigenvectors of H 0 which have un- 
where C A denotes a distribution of the A particles among the single particle-orbitals, while the index µ distinguishes the vectors which correspond to the same set of {C A , J, T } quantum numbers. Matrix elements of operators between the states (13) have been determined using the generalized fractional parentage formalism of Skouras and Kosionides 37 ).
Since the vectors (13) have been constructed using isospin formalism it is convenient to consider in the same formalism the operators Eλ of sect. 2.1. Thus
Thus the matrix elements of the operator Eλ can be expressed as:
Z and N being the proton and neutron numbers of the nucleus under consideration.
In (16) and elsewhere a triple bar denotes a matrix element which is reduced in both spin and isospin spaces. As is evident from (15) , the isoscalar part of the E1 operator is proportional to the center-of-mass vector R. Thus the E 10 operator connects a non-spurious natural parity state to a spurious one, which belongs to the space of the unnatural parity states. As a consequence only the isovector part of the E1 operator is considered in determining E1 matrix elements (16) . However, as discussed below, the isoscalar part of the E1 operator is used in the elimination of the spurious unnatural parity states. As described in sect. 2.1, to determine the matrix elements of V coup and V pol one needs to determine the wave functions |f and |i of the final and initial states, respectively. In addition, as eqs (5) and (7) imply, one needs to determine all states |n which are connected to both |i and |f by the E1 operator. The determination of the initial and final states presents no problem. Their wave functions are obtained by straightforward diagonalization of the hamiltonian in the space of (0 + 2)hω excitations. Moreover, since the initial and final states both belong to the low-lying part of the spectrum, one needs to determine only few of the eigenvalues, the lowest in energy, of the hamiltonian matrix. On the other hand there are problems with the determination of the states |n , discussed above. The space of their calculation consists of the (1 + 3)hω excitations and, consequently, it has a large dimension (over 3000 for some states of 11 Li). In addition the relatively few of the states |n which are strongly connected by the E1 operator to the |i and |f states need not necessarily be among the lowest in energy. Thus, in principle, one needs to perform a full diagonalization of the hamiltonian matrix in the space of (1 + 3)hω excitations. Apart from the technical difficulties, this solution has the disadvantage that most of the eigenstates |n produced will couple only weakly to the initial and final states. To face the above problem, we have adopted the BAGEL approach of Skouras and Müther 38 ) which is suitable for selecting specific eigenstates of a hamiltonian matrix of large dimension. We describe below the manner in which this approach was applied to the current problem.
We consider the general case where the states |i and |f are different. Starting from these we can generate four states, to be denoted by |φ
, by requiring them to satisfy the following equations:
From the above discussion regarding the operator E 10 it follows that the first two states |φ have the following properties: i) they are orthogonal to the spurious states generated by the isoscalar E1 operator and ii) they are the only physical states in the (1 + 3)hω space which are connected by the isovector E1 operator to both the initial and final states. In the lowest order approximation of the BAGEL scheme the four vectors |φ (0) i (i = 1, .., 4) define a suitable basis for the diagonalization of the hamiltonian. Because of the construction of this operator, the results of the diagonalization retain the separation of spurious and non-spurious states. Thus the diagonalization provides the two physical eigenstates |n , those with zero isoscalar E1 strength, which are to be used in (5) and (7).
A better approximation to the above procedure can be obtained (i = 1, .., 4) can be constructed by requiring them to satisfy the equations:
i |φ
As is evident from (20) the four new vectors |φ
However, as (21) implies, these are the only four vectors that are connected with |φ (i = 1, 4) will result in a better determination of the eigenvalues E n in (5) and (7) while the E1 strength will be shared among the eigenvectors.
The new diagonalization again preserves the separation of spurious and non-spurious states while the eigenvectors corresponding to physical states are again characterized by having no isoscalar E1 strength.
The above procedure can be continued in the manner indicated by (20) and (21) (5) and (7). Some examples of the convergence of expression (7) with respect to the number of iterations are discussed in section 3.
Two-body interaction and oscillator parameter
In this section we discuss the determination of the two-body interaction G that appears in eq. (10) and also the manner in which we selected the value of the oscillator parameter b = (h/mω) 1/2 which is used to define the basis of single-particle states as presented in (12) .
The matrix elements of G have been determined by solving the Bethe-Goldstone equation
directly in the basis of harmonic oscillator states 40 ). For the starting energy E s a constant value of -30 MeV has been adopted while the Pauli operator Q was defined to exclude any intermediate two-particle configuration with one nucleon in a 0s or both nucleons in a valence configuration, which is taken into account in our shellmodel calculation. In eq. (22) for nucleons in nuclear medium are substantially different from those of free nucleons. The ratio of large to small components for the Dirac spinors in the medium may be described in terms of an effective mass m * . It has been shown 32, 41 ) that the value of m * = 630MeV is a reasonable choice for light nuclei. In our calculation we use this value of m * as well as the value m * = 938MeV of the free nucleon (which means that a change of the Dirac spinors in the medium is ignored) and we shall distinguish the corresponding G-matrices by G m and G, respectively.
The other parameter that enters our calculation is the oscillator parameter b. This is treated as a variational parameter and we adopt the value of b for which the binding energy of each nucleus is a minimum. This procedure has been repeated for each G-matrix considered in the calculation.
Results of the calculation
As outlined in sect. 2.3, in our calculation we have considered four types of two-body matrix elements. These correspond to using as V in eq. (22) versions A and C of the Bonn potential 31 ) and values of 938 MeV and 630 MeV for the parameter m * . In the following we shall distinguish the results corresponding to these four sets by
It should be noticed that the use of an effective mass implies that the structure of Dirac spinors, which are used to evaluate the matrix elements of the OBE potential, are modified. However, once the determination of the two-body matrix elements is accomplished, the remaining part of the structure calculation is performed in a non-relativistic manner. This implies that we do not consider the effects of m ⋆ on the kinetic energy operator in (10) .
All the G-matrices described above were determined for the values of 1.6, 1.8, 2.0 and 2.1 fm for the oscillator parameter b. Thus, altogether, 16 sets of two-body matrix elements were determined and the properties of the low-lying states of 6 Li and 7 Li were calculated for all these interactions. Since a calculation of 11 Li in the large model space under consideration requires a large amount of computer time a more restrictive selection has been made for this isotope. The differences obtained for the various interactions can be understood as follows: (i) The OBE potential with a weaker tensor component (A) yields more binding energy than the one with a stronger tensor component (C). This is a general Fig. 1 shows the experimental and theoretical spectra of the low-lying positive parity states of 6 Li. The theoretical predictions on the electromagnetic properties of this nucleus, determined for all interactions discussed above, are compared to the experimental data 43 ) in table 2.
As may be seen in fig. 1 , the excitation energies of the The four interactions produce quite similar results for most of the electromagnetic observables displayed in table 2. These results are also in reasonable agreement with the experimental data, bearing in mind that in our calculation we consider bare electromagnetic operators. One, however, observes that the G C m calculation predicts r ms and B(E2) values which are considerably larger than those obtained with the other interactions. This behavior can only partly be attributed to the larger value of the oscillator parameters b used in the G C m calculation. Therefore we conclude that the increase in the calculated radii as we go from interaction G A to G C m describes the effect already observed in DBHF calculations for closed shell nuclei (see discussion above). Fig. 2 shows the experimental and theoretical spectra of the low-lying negative parity states of 7 Li. Unlike the case of 6 Li, discussed above, the four interactions considered in the calculation produce spectra which are quite similar to each other and also with the experimental one. It seems that the differences observed in the T = 1 spectrum as compared to the T = 0 states of 6 Li are getting less important for systems with more valence nucleons. In particular, the spectra obtained with the G-matrices derived from potential A , independent of the choice of the parameter m * , are in close agreement with the data.
To calculate the dipole polarizability for 7 Li one needs to calculate the unnatural parity states which are connected by the E1 operator to both the ground and first excited states of this nucleus. These states have spins 1/2 + , 3/2 + and 5/2 + while their isospin can be either 1/2 or 3/2. As discussed in sect. 2.2, these states are determined in the space of (1 + 3)hω excitations using the BAGEL approach. This approach selectively determines the states which have strong E1 coupling to the ground and first excited states. The results of this calculation are shown in fig. 3 for the T = 1/2 states and fig. 4 for the T = 3/2. The results shown in figs. 3,4 show both the energy position as well as the B(E1, n → i) strength from various unnatural parity states n to the ground state (i = 3/2 − ) or first excited state (i = 1/2 − ) and correspond to the G C m interaction. As discussed below, for this interaction one obtains the largest, in magnitude, values of the τ if tensors.
As figs. 3 and 4 show, the E1 strength is distributed over a large number of states in the energy range of 10 to about 70 MeV. One may also observe a spin dependence in the distribution. For example, in the case of the 1/2 + states about 40% of the strength is concentrated in the lowest state at about 9.5 MeV, while in the case of the 3/2 + states the strength is distributed over many states and one has to extend to about 25 MeV to exhaust 50% of the total strength. Moreover, one observes that there is similarity between T = 1/2 and T = 3/2 distributions although the latter is shifted by about 3 MeV.
In table 3 we list the theoretical predictions on the electromagnetic properties of 7 Li for all interactions considered in the calculation. Table 3 also includes the predictions of the calculation on the polarizability terms P , τ 11 and τ 12 . One should remark at this point that with the existing data on 7 Li it is not possible to obtain an estimate for P 7 ) and thus the theoretical predictions for this quantity cannot be yet be compared with experiment. One should also observe that the sign of τ 12 is arbitrary since, as is evident from eq. (7), it depends on the relative sign of the initial and final states which cannot be determined uniquely. The most sensitive quantities, of those listed in table 3, are the polarizability tensors τ 11 , τ 12 and the monopole term P since their determination involves both natural and unnatural parity states. The energy spectra of the latter states have been determined in the BAGEL approach. and P with respect to the number of iterations. In the actual calculation of these quantities we considered 25 iterations but one observes from table 4 that after the fifth iteration the change of results is insignificant.
As eq. (5) indicates, the contribution of the various J, T unnatural parity states adds up coherently in the case of the monopole polarizability P . On the other hand, as is evident from (7), there is a dependence of the τ if tensors both on the spin as well as on the E1 strength of the contributing unnatural parity states. This dependence is examined in 
with the Racah coefficients being positive for all possible J n values. Thus the cancellations in τ 11 are entirely due to the phase factor in (23) . We conclude our study of 7 Li by examining the effects of configuration space on the properties of this nucleus. To study these effects we made additional calculations in the space of 0hω configurations for the natural parity states and 1hω for the unnatural parity ones. In fig. 5 we compare the low-lying energy spectrum obtained in the restricted space with that of the extended space while table 6 lists the remaining properties of the natural parity states. As the results shown in both fig . 5 and table  6 indicate, there is a drastic improvement in the theoretical predictions when one extends the model space. One, of course, should note that the restricted space results could also be improved by a renormalization of the operators 44 ).
The polarizability quantities τ 12 , τ 11 and P have also been calculated for different choices of model spaces and the results are shown in table 7. In one calculation, termed "small" in the table, the natural parity states have been calculated in the 0hω space and the unnatural in the 1hω space. In another calculation, termed "medium" in table 7, the space of the natural space is extended to (0 + 2)hω excitations, while the unnatural parity states are again determined in the 1hω space. Finally, "large" in table 7 denotes the results obtained in the complete space used in this calculation.
As may be seen in table 7, the monopole polarizability P obtains its maximum value in the small space. On the other hand, the values obtained in this space for the two quadrupole tensors are about 50% in magnitude of those obtained in the complete space. The smallest values in magnitude are obtained for all three quantities in the medium space calculation. The reason for this behavior is twofold: i) the coupling between 2hω and 1hω configurations is weak and ii) there is a considerable increase in the energy denominators in eqs (5) and (7) as can be deduced from the increase of binding energies listed in table 6 .
The results in both tables 6 and 7 clearly suggest the importance of high-lying configurations which affect both the properties of the low-lying states, as well as the polarizability effects. Extrapolating this behavior one expects a further improvement in the shell-model results if even higher configurations, like 4hω for the natural parity states and 5hω for the unnatural parity ones could be included. Such an enlargement of the model space could most probably make the predictions of the shell-model similar to those of the cluster model. The nucleus 11 Li is known 15 ) to be a loosely bound system with a very small two-neutron separation energy. Therefore, the need for considering a very large shellmodel space would be more pronounced for this nucleus than for 7 Li. Hence, we do not expect our parameter free calculation to account for all the properties of 11 Li despite the fact that we employ a space in which all configurations up to 3hω excitation are included.
From the available experimental data on 11 Li, one knows that this nucleus has a very large r ms value of 3.16 ± 0.11 f m 17 ) and in addition there is evidence that the first excited state at 1.2 MeV has positive parity 45 ). From the 7 Li investigation, described above, we know that such effects are best described in our model if one uses the G A m and G C m interactions. Therefore, the results to be discussed below were obtained with the use of these two interactions. Fig. 6 shows the predictions of our calculation on the low-energy spectrum of 11 Li.
As this figure shows the calculation predicts that the first excited state of 11 Li is a 1/2− state followed by a series of positive parity states the lowest of which, a 3/2+, appears at about 4 MeV. As discussed above, one expects that the results shown in fig. 6 could change considerably by the inclusion of higher configurations in the model space. 
Conclusions
Results of shell-model calculations for the isotopes 6 Li, show a similar dependence on the OBE interaction used as it has been observed in DBHF calculations for closed shell nuclei: NN interactions with a stronger tensor component yield less binding energy as a phase-shift equivalent potential with a weaker tensor force; the modification of the Dirac spinors for the nucleons in the medium reduces the calculated binding energy; a smaller binding energy is correlated with a larger value for the radius.
• The calculated excitation spectra are weakly depending on the NN interaction.
Only in the case of 6 Li a strong dependence of the energies for the states with isospin T = 1 relative to those with T = 0 is observed. A good agreement with the experimental data is achieved if a large model space is considered.
• Also the calculated electromagnetic properties show a good agreement with the empirical data, keeping in mind that the present calculation does not contain any adjustable parameter. Of course it is evident that our predicitons are not as good as those obtained in phenomenological studies employing parametrized effective hamiltonians and electromagnetic operators. In particular our results for the radii show poor agreement with the empirical values. This is a well known problem of microscopic studies of light nuclei, employing modern OBE potentials [47] • The results of the present investigation clearly indicate (see table 7 ) that the polarizability tensors τ 11 and τ 12 for 7 Li depend strongly on the model space.
The fact that the present calculation produced values for these quantities which are much closer to the experimental estimates than those obtained in previous shell-model studies 12−13 ) should be, therefore, mainly attributed to the use of a larger space. Thus it appears that to improve further the agreement with the experimental data one needs to go beyond those model spaces considered in the present approach. Such an expansion of the model space is currently very difficult to attempt due to the exceedingly large number of shell-model configurations involved.
• The evaluation of the dipole polarizability requires a detailed information on the E1 excitation of states which appear in a wide energy interval (see figures a ) The data for the last five quantities are from 7 ). The rest are taken from 43 ). a ) The data for the last two quantities are from 7 ). The rest are taken from 43 ). 
